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1. Introduction
Classiﬁcation problems form the main part of the singularity theory. Many useful equivalence relations in the space of
germs of functions were studied. In a series of recent papers [2–4], new equivalence relations (which are not group action)
were introduced. They are called pseudo boundary (corner) and quasi boundary (corner) equivalence relations.
Pseudo and quasi boundary equivalence play an intermediate role between the standard right equivalence of functions
(diffeomorphisms action on the source space) and the boundary equivalence (right action of diffeomorphisms, which pre-
serve a given smooth hypersurface, called a boundary). Two function germs are called pseudo boundary equivalent, if there
is a diffeomorphism acting as a change of variables, taking one germ to the other and satisfying the following condition:
if one of these functions has a critical point at the boundary then its image (or inverse image) also belongs to the boundary.
After a natural modiﬁcation (see details in Section 2), this equivalence relation behaves well when function germs depend
on parameters and we call this new deﬁnition quasi boundary equivalence.
Similarly, we can deﬁne pseudo corner and quasi corner equivalence relations. Also, we consider more general setting.
Suppose we have a space with a distinguished hypersurface or a complete intersection which can be regular, singular
or reducible. Such a hypersurface will be called it a border. Then, in the space of function germs on this space, we
can introduce pseudo border and quasi border equivalence classes in the same way as pseudo boundary (corner) and
quasi boundary (corner) classes. These new relations are rougher than the usual classiﬁcation of functions with respect
to diffeomorphism which preserve the border. However, one quasi border class can contain several standard equivalence
classes. For example, we will see that some non-simple standard singularities become simple in the new setting and many
unimodal and bimodal classes merge together into a single class. So, it is very instructive to compare these classes.
The quasi border equivalence relations have direct application in symplectic geometry. A Lagrangian manifold with some
isotropic subvariety in it is called Lagrangian manifold with a border. It arises in various singularity theory applications to
differential equations and variational problems. For example, isotropic submanifolds play the role of the initial data set with
some inequality constraints. The Lagrangian manifold with a corner is the solution of Hamilton–Jacobi equation with these
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space of Lagrangian projections with a border are closely related to quasi border singularities of functions. In particular, the
list of simple stable classes of these projections is exactly the list of simple quasi border classes. Also, unimodal or bimodal,
etc., Lagrangian projection with a border can be classiﬁed using our method.
There are many papers (e.g. [7,8]) of classiﬁcations of caustics and Lagrangian projections of different types. Some of our
results coincide with the known ones but our methods are quite new and universal and it is of interest to compare between
them.
In the present paper, we are mainly interested in the case when the border is a smooth hypersurface (boundary) and a
union of a pair of smooth transversal hypersurfaces (corner). Namely, we are going to deal with quasi boundary and quasi
corner singularities.
New interesting bifurcation diagrams arise when dealing with quasi boundary equivalence relation. They consist of two
components. The ﬁrst one is just the ordinary discriminant. The second one is a subset of the ﬁrst one which satisﬁes
an extra equation which deﬁnes the boundary. The respective caustics of quasi boundary function germ deformations also
consist of two strata. The ﬁrst one is the usual caustics. The second one is the projection of the second stratum of the
bifurcation diagram to the base of the reduced deformation.
The bifurcation diagrams of quasi corner function germ deformation are particular cases of quasi border bifurcation
diagrams. The border in this case is a union of two transversal intersecting smooth hypersurfaces. Hence, the bifurcation
diagrams consist of three components. The ﬁrst one is the ordinary discriminant. The second and third ones are subsets
of the ﬁrst one which satisfy extra equations which deﬁne the corner. The caustics of quasi corner deformation function
also consist of several strata. The ﬁrst one is the ordinary caustics while the other strata are the projections of the subsets
of the bifurcation diagrams which correspond to the boundaries which are described above to the base of the reduced
deformation.
The bifurcation diagrams of quasi boundary and quasi corner singularities also have natural applications in physics and
variational problems. They describe the behavior of the critical points of a function on certain domain with a boundary or
a corner.
The list of simple quasi boundary and quasi corner classes are clearly organized. Dropping the boundary (or the corner),
any class belongs to some Ak-right equivalence classes. It is interesting to notice that simple quasi boundary and quasi
corner classes have a nice algebraic description. Each simple class corresponds to pairs of ideals in the local algebra of Ak
type.
2. Quasi border singularities
We consider germs of C∞-smooth functions f : (Rn,0) →R on the space Rn = {(x, y, z)}, where z = (z1, z2, . . . , zn−2) ∈
R
n−2 and (x, y) ∈ R2, with some hypersurface Γ which can be regular, singular or reducible. This hypersurface will be
called a border. If Γ is smooth then we assume that Γ = Γb = {y = 0}. If Γ is a union of two transversal intersecting
smooth hypersurfaces then we call Γ a corner and assume that Γ = Γc = {xy = 0}.
Consider germs of functions f in x, y, z, t at the origin, and denote by Cx,y,z,t the algebra of these germs. Denote by
Rad J f the ideal consisting of function germs h(x, y, z) which vanish at each point of the set of common zeros of
∂ f
∂x ,
∂ f
∂ y
and ∂ f
∂z .
Deﬁnition 2.1. Two functions f0, f1 : (Rn,0) → R are called pseudo border equivalent if there exists a diffeomorphism
θ :Rn → Rn such that f1 ◦ θ = f0, and if a critical point m of the function f0 belongs to the border Γ then θ(m) also
belongs to Γ and vice versa, if m is a critical point of f1 and belongs to Γ then θ−1(m) also belongs to Γ .
In the present paper, we consider only Γb = {y = 0} and Γc = {xy = 0}. We shall call the corresponding equivalence
relations: pseudo boundary and pseudo corner, respectively.
Now assume we have a family ft of function germs which are pseudo boundary equivalent (pseudo corner equivalent,
respectively): ft ◦ θt = f0, t ∈ [0,1] with respect to a smooth family θt : Rn → Rn of diffeomorphisms then we have the
derivative equation:
−∂ ft
∂t
= ∂ ft
∂x
X˙ + ∂ ft
∂ y
Y˙ + ∂ ft
∂z
Z˙ ,
where the vector ﬁeld v = X˙ ∂
∂x + Y˙ ∂∂ y + Z˙ ∂∂z on Rn generates the phase ﬂow θt and its components satisfy the conditions:
1. For pseudo boundary equivalence:
X˙, Z˙ ∈ Cx,y,z,t, Y˙ ∈
{
yCx,y,z,t + Rad
{
∂ ft
∂x
,
∂ ft
∂ y
,
∂ ft
∂z
}}
.
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Z˙ ∈ Cx,y,z,t, X˙ ∈
{
xCx,y,z,t + Rad
{
∂ ft
∂x
,
∂ ft
∂ y
,
∂ ft
∂z
}}
,
Y˙ ∈
{
yCx,y,z,t + Rad
{
∂ ft
∂x
,
∂ ft
∂ y
,
∂ ft
∂z
}}
.
Remark. The radical of an ideal behaves badly when the ideal depends on parameters. For example, consider the following
ideal I which depends on the parameter :
I =
{
(x− y)(x− (1+ )y)},
then
Rad I =
{
I if  = 0,
{x− y} if  = 0.
We modify this equivalence relation to have better property with respect to parameter dependence. We replace the rad-
ical Rad{ ∂ ft
∂x ,
∂ ft
∂ y ,
∂ ft
∂z } by the ideal { ∂ ft∂x , ∂ ft∂ y , ∂ ft∂z } itself. Hence, we will be able to apply Malgrange preparation and versality
theorems.
Deﬁnition 2.2. Two function f0 and f1 are called quasi boundary equivalent (quasi corner equivalent), if they are pseudo
boundary equivalent (pseudo corner equivalent, respectively) and there is a family of function germs ft which continuously
depends on parameter t ∈ [0,1] and a continuous piece-wise smooth family of diffeomorphisms θt :Rn →Rn depending on
parameter t ∈ [0,1] such that:
1. ft ◦ θt = f0 and θ0 = id.
2. For quasi boundary: the components of the vector ﬁeld v generated by θt are of the form
X˙, Z˙ ∈ Cx,y,z,t, Y˙ ∈
{
yCx,y,z,t +
{
∂ ft
∂x
,
∂ ft
∂ y
,
∂ ft
∂z
}}
.
3. For quasi corner: the ﬁrst two components of the vector ﬁeld v generated by θt are of the form
X˙ ∈
{
xCx,y,z,t +
{
∂ ft
∂x
,
∂ ft
∂ y
,
∂ ft
∂z
}}
, Y˙ ∈
{
yCx,y,z,t +
{
∂ ft
∂x
,
∂ ft
∂ y
,
∂ ft
∂z
}}
.
The diffeomorphisms θt generated by the vector ﬁeld ( X˙, Y˙ , Z˙) will be called admissible for the family ft .
Following Arnold [1], we start with the description of simple classes. A function germ is called simple with respect to
quasi border equivalence if its neighborhood in the space of function germs contains only a ﬁnite number of quasi border
orbits.
The reduction of some variables z can be done using the following construction:
1. For quasi boundary equivalence:
If the rank of the second differential d20( f |y=0) = k then the function germ f (x, y, z) is quasi boundary equivalent to∑k
i=1 ±z2i + f˜ (z˜, y), z˜ ∈ Rn−1−k , f˜ |y=0 ∈ M3z˜ . For quasi boundary equivalent f germs, the respective reduced f˜ germs
are also quasi boundary equivalent. The reduction of an admissible family remains admissible.
2. For quasi corner equivalence:
If the rank of the second differential d20( f |x=y=0) = k then the function germ f (x, y, z) is quasi corner equivalent
to
∑k
i=1 ±z2i + g(x, y, z˜), where z˜ ∈ Rn−2−k and g|x=y=0 ∈ M3z˜ . For quasi corner equivalent f germs, the respective
reduced g germs are quasi corner equivalent.
The quasi boundary classiﬁcation of critical points outside the boundary coincides with the ordinary R-equivalence. In
particular, the standard classes Ak , Dk and Ek form the list of simple quasi boundary classes outside the boundary. So we
consider only the classes of critical points on the boundary (at the origin).
Standard Arnold’s boundary equivalence (right action of diffeomorphisms preserving the boundary) imply quasi boundary
equivalence. So simple Arnold’s boundary classes Bk,Ck, F4 remain simple for quasi boundary classiﬁcation, but some classes
can merge together.
Theorem 2.1. ([2]) A simple quasi boundary singularity class on the boundary (y = 0) is a class of a stabilizations of one of the
following germs:
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2. Fk,l: ±(y + xk)2 ± xl+1 , 2 k l, k + l,
or belongs to a subspace of inﬁnite codimension in the space of all germs. The orbit codimension in the space of germs is shown in the
right column.
The quasi corner classiﬁcation of critical points outside the corner Γc coincides with the standard right equivalence.
Hence the standard classes Ak , Dk and Ek form the list of simple classes in this case.
If the function germ base point is at the regular point of the corner Γc outside the intersection of the components, then
the quasi corner equivalence coincides with quasi boundary equivalence.
The classiﬁcations when the function germ has a critical base point at the intersection of the components are given in
the following theorem.
Theorem 2.2. ([4]) Let f : (Rn,0) → R be a function germ with a critical point at the origin which is simple with respect to quasi
corner equivalence, then the following is true:
1. If f2 is a non-degenerate form then f is quasi corner equivalent to B2: ±x2 ± y2 .
2. If f2 is degenerate form of rank 1 then f is quasi corner equivalent (up to a possible permutation of x, y coordinates and up to the
addition with a quadratic form in some extra variables) to one of the following simple classes:
(a) Bm: ±(x± y)2 ± ym, m 3, m + 1,
(b) Fk,m: ±(x± yk)2 ± ym, m > k, k 2, m 3, k +m,
(c) Hm,n,k: ±(x± zm1 )2 ± (y ± zn1)2 ± zk1 , where k > nm 2, m + n + k − 1,
or belongs to a subspace of inﬁnite codimension in the space of all germs. The orbit codimension in the space of germs is shown in the
right column.
Since the versality theorem holds for quasi boundary and quasi corner equivalences the versal deformation of a func-
tion germ f with respect to quasi boundary and quasi corner equivalences can be taken as the deformation F (x, λ) =
f (x) + ∑μi=1 λiϕi(x) where λ = (λ1, . . . , λμ) ∈ (Rμ,0) and the germs ϕi at zero form a linear basis of the local algebraA = Cx,y,z/T C f where T C f corresponds to the tangent space to the quasi orbit. Here μ is the dimension of the local algebra
A and we will call it the quasi multiplicity. It would be convenient to choose ϕμ ≡ 1 and ϕi belongs to the maximal ideal
for i = 1, . . . , (μ − 1). The space Rμ is called the base of the versal deformation, whereas the space Rμ−1 = (λ1, . . . , λμ−1)
is called the base of the reduced versal deformation or reduced base.
Proposition 2.3.
1. The formulas of quasi boundary versal deformations of the simple quasi boundary classes are listed as follows:
(a) Bk: ±x2 ± yk +∑k−1i=0 λi yi , k 2.
(b) Fk,l: ±(y + xk +∑k−1i=0 μxi)2 ± xl+1 +∑l−1j=0 λ j x j , 2 k l.
2. The formulas of quasi corner versal deformations of the simple quasi corner classes are listed as follows.
(a) B2: ±x2 ± y2 + λ0 + λ1x+ λ2 y.
(b) Bm: ±(x± y)2 ± ym + μx+∑m−1i=0 λi yi , m 3.
(c) Fk,m: ±(x± yk +∑k−1i=0 μi yi)2 ± ym +∑m−1j=0 λ j y j , m > k.
(d) Hm,n,k: ±(x± zm1 +
∑m−1
i=0 μi zi1)2 ± (y ± zn1 +
∑n−1
j=0 β j z
j
1)
2 ± zk1 +
∑k−2
l=0 λl zl1 , k > nm 2.
3. Lagrangian projections with a boundary or a corner
Consider a Lagrangian submanifold L of T ∗Rm with a border I , which is an (isotropic) (m − 1)-dimensional variety of L.
A family of functions f (x, y, z, λ) with x ∈R, y ∈R and z ∈Rn−2, depending on parameters λ deﬁnes a Lagrangian sub-
manifold L in T ∗Q , Q = {λ} by standard Hörmander formulas for generating families (provided that Morse non-degeneracy
condition holds [1])
L =
{
(λ,μ) ∈Rm ×Rm: ∃(x, y, z) ∈Rn, ∂ f
∂x
= ∂ f
∂ y
= ∂ f
∂zi
= 0, μ = ∂ f
∂λ
}
.
The critical points of f which belong to Γb = {y = 0} correspond to the Lagrangian boundary Ib while the critical points
of f which belong to Γc = {xy = 0} correspond to the Lagrangian corner Ic .
Notice that up to stabilization and pseudo-equivalences, the families are deﬁned not uniquely. A discussion of this can
be found in [6].
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a symplectomorphism of the ambient space, which preserve the Lagrangian ﬁbration π : T ∗Rm → Rm , then a generating
family of L1, I1 is sent to a generating family of L2, I2 by a pseudo border equivalence.
The following statement is also direct consequence of the classiﬁcation of the simple quasi boundary classes and the
simple quasi corner classes and of the fact that for regular Lagrangian germs the radical of the ideal { ∂ f
∂x ,
∂ f
∂ y ,
∂ f
∂z } coincide
with the ideal itself.
Theorem 3.1. ([2,4])
1. A germ L, Ib is stable if and only if its arbitrary generating family is versal with respect to quasi boundary equivalence.
2. Any stable and simple projection of Lagrangian submanifold with a boundary is symplectically equivalent to the projection deter-
mined by one of the following generating families which are quasi-R+-versal deformations of the classes from Theorem 2.1 which
are listed in Proposition 2.3.
3. A germ L, Ic is stable if and only if its arbitrary generating family is versal with respect to quasi corner equivalence.
4. Any stable and simple projection of Lagrangian submanifold with a corner is symplectically equivalent to the projection determined
by the generating families which are quasi corner R+-versal deformations of the classes from Theorem 2.2 which are listed in
Proposition 2.3.
4. The caustics and bifurcation diagrams of simple quasi boundary and quasi corner singularities
Deﬁnition 4.1. The quasi boundary bifurcation diagram or quasi corner bifurcation diagram of a function germ deformation
F depending on parameters λ is the following set of points in the base of the deformation. It consists of two components
with respect quasi boundary singularities and three components with respect to quasi corner singularities. For both cases,
the ﬁrst component W0 is the projection to the base space of the subset X0 in the total space (x, y, z, λ) given by the
equations: F = 0 and ∂ F
∂x = ∂ F∂ y = ∂ F∂z = 0. Also, for both cases the second component W1 is the subset of the ﬁrst one and it
satisﬁes the extra equation y = 0. The third component of the bifurcation diagram with respect to quasi corner singularities
W2 is the subset of the ﬁrst one and it satisﬁes the extra equation x = 0.
Thus, the ﬁrst component W0 is the set of parameters which corresponds to the critical points with zero critical value
while W1 and W2 are the subsets of W0 restricted on the boundaries y = 0 and x = 0, respectively.
Deﬁnition 4.2. The caustic of a function germ deformation is the set of points in the truncated deformation base and it
consists of two components with respect to quasi boundary singularities and three components with respect to quasi corner
singularities. For both cases, the ﬁrst component Σ0 is the image of the singular points of the ﬁrst component of bifurcation
diagram W0 under the projection π0 to the truncated base. Also, for both cases the second component Σ1 is the image
π0(W1). The third component of the caustic with respect to quasi corner Σ2 is the image π0(W2).
The formulas of versal deformations listed in Proposition 2.3 provide the explicit description of the bifurcation diagrams
and caustics of quasi boundary and quasi corner singularities.
The quasi boundary and quasi corner singularities are reduced to Ak singularity with respect to the standard right
equivalence and the ﬁrst component of the bifurcation diagram of a function germ deformation F is a product a generalized
swallow tail and Rn−k , where n stands for dimension of the base of the versal deformation.
Proposition 4.1.
1. The bifurcation diagram of B2 in (λ0, λ1)-plane is a smooth curve and a distinguished point on it. The bifurcation diagram of
B3 ⊂ R3 is a cuspidal cylinder and a line in it which is tangent to the ridge. In general, the hypersurface component of the
bifurcation diagram for Bk series is a product of generalized swallow tail and a line. The second component is the maximal smooth
submanifold passing through the vertex of the generalized swallow tail times a line.
2. The B3 caustic is the union of two tangent lines, for B4 this is a seimicubic cylinder and a plane (the conﬁguration is isomorphic to
the discriminant of the standard C3 boundary singularity). See Figs. 1 and 2.
3. The caustic of F2,2 is the union of Whitney umbrella which is the second component, and a smooth tangent surface which is the
caustic of the A2 singularity. See Fig. 3.
4. The caustic of singularity Bk is a union of cylinder over generalized swallow tail (with one-dimensional generator) and a smooth
hypersurface having smooth k − 3-dimensional intersection with the ﬁrst component.
5. The caustic of Fk,l singularity is a union of a cylinder over a generalized swallow tail of type Al and an image of Morin stable
mapping (generalized Whitney umbrella) being the set of common zeros of two polynomials of degree l and k.
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Fig. 2. The caustic of B4.
Fig. 3. The caustic of F2,2.
Proposition 4.2.
1. The ﬁrst component of the bifurcation diagram and caustic of any simple quasi corner singularities is a cylinder over standard bifur-
cation diagram (caustic) of the standard right Ak singularity of function. In fact, any simple quasi corner singularity has corank 1
of the second differential. So W0 is a product a generalized swallow tail and Rm−k, where m is the quasi corner multiplicity.
In particular, the bifurcation diagram of B2 is a smooth surfaces with two transversal lines in it (see Fig. 4). The ﬁrst component of
the bifurcation diagram of B3 is a product of a cusp and a plane in R4 . Two other components are smooth surfaces inside the ﬁrst
one. They are tangent to the cuspidal ridge.
All three components of the caustic of B3 are smooth pairwise tangent surfaces in 3-space. See Fig. 5.
2. The caustic of Bk is a union of a cylinder over a generalized swallow tail and two smooth hypersurfaces tangent to the ﬁrst
component.
3. The caustic of Fk,m is a union of a cylinder over a generalized swallow tail, a smooth hypersurface and a generalized Whitney
umbrella multiplied by a line. In particular, the caustics of F2,3 is union of two smooth hypersurface in R4 and Whitney umbrella
multiplied by a line.
4. The caustic of Hk,m,n is a union of a cylinder over a generalized swallow tail and two generalized Whitney umbrellas of respective
dimensions.
5. Algebraic description of the simple quasi border classes
Given the germ at the origin of a smooth proper mapping g : Rn → Rn , g : X → Y , consider the local algebra Q g,0 =
CX/CX {Y1(X), . . . , Yn(X)} being the factor space of the space of germs at the origin on the source space. It is (up to
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Fig. 5. The caustic of B3.
isomorphisms) invariant under the right–left (and even contact) transformations of the mapping used by J. Mather [1]
to classify nice dimensions and stable map germs.
The subgroup of right–left diffeomorphisms of the source and target spaces preserving some distinguished subset Γ ⊂Rn
in the source space (border) preserves not only the local algebra Q g,0 but also the ideal IΓ in the algebra formed by the
classes in Q g,0 of the germs of functions h(X) which vanish on Γ . The pair Q g,0, IΓ will be called local border pair.
Apply this construction to the Lagrangian mapping associated to a family of quasi border singularities.
Given a quasi border orbit of the germ f (w) with the border Γ consider its versal deformation F (w, λ) and the La-
grangian submanifold L given by a generating family F . Consider also the submanifold
L˜ =
{
(w, λ):
∂ F (w, λ)
∂w
= 0
}
.
The Lagrangian projection of L is equivalent to the projection of L˜ along w-coordinate ﬁbers. Let
Γ˜ ⊂ L˜ =
{
(w, λ):
∂ F (w, λ)
∂w
= 0, w ∈ Γ
}
be its subset corresponding to the border.
Denote by Q f ,Γ the local pair associated to L˜, Γ˜ . In fact, the deﬁnitions imply that Q f ,Γ remains the same not only for
different choices of versal deformations F but also for any deformation of f satisfying Morse non-degeneracy conditions.
Proposition 5.1. If f1 and f2 are quasi border equivalent, then their local pairs are isomorphic.
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pairs:
Consider the local algebra Q Ak = Ct/{tk} =R{1, t, . . . , tk−1} of the standard Ak singularity which is isomorphic the alge-
bra of truncated polynomials in t of degree k − 1. All ideals of Q Ak are principle and form a discrete set Is = ts Q .
The normal forms of simple classes yield the following:
Proposition 5.2. The associated local pair of the simple quasi boundary singularity Bk is Q Ak , I1 . The associated local pair of the
simple quasi boundary singularity Fm,k is Q Ak , Im. The associated local triple of the simple quasi corner singularity Hm,n,k consisting
of the local algebra and two ideals corresponding to two sides x = 0, y = 0 of the corner is Q Ak , In, Im. For n = 1 we get the triple
of Fm,k, and for n = 1, m = 1 we get the triple of Bk.
Remarks. 1. The proposition implies that all these classes are distinct.
2. Notice that all other local gradient algebras of isolated function singularities have continuous systems of principle
ideals. For example D4-type local algebra Q D4 = Cx,y/{x2, y2} contains a projective line of the ideals of functions being
multiple of a ﬁxed linear one αx+ β y.
3. Recall that the ideal structure of local algebras of simple function singularities A, D, E can be represented by the graph
of the shape similar to the standard Dynkin diagram of the singularity. So the local pairs for all Lagrangian boundary pairs
are straightforward.
4. A homotopy of Lagrange equivalences of stable Lagrange mapping given by miniversal deformation of isolated function
singularities induces the identity isomorphism of the local algebra [5]. This is the consequence of the uniqueness of the
analytic function representation by the class in the local gradient algebra. Therefore simple quasi boundary and corner
singularities can occur only for Ak-type local algebras.
5. For simple classes the codimension of quasi corner singularity is equal to the sum of the dimension of local algebra
with the codimensions of the ideals Ix=0 and I y=0 in the space of all principle ideals of the local algebra. In fact the formula
remains true for arbitrarily quasi boundary or quasi corner class.
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